A GENERALIZED NOTION OF BOUNDARY(})

BY
W. H. FLEMING AND L. C. YOUNG

This paper reports some recent results in the theory of generalized para-
metric surfaces. The object of this theory, introduced by Young in [18], is
to generalize the elementary notions of parametric surface in such a way that
a general principle of minimum holds for surface integral variational problems
in parametric form. Since nonregular problems are not excluded, the notion
of generalized parametric surface is of necessity more general than the usual
concepts of surface, involving in many instances both a track (surface in the
ordinary sense, possibly mildly discontinuous) and a linear average over a
space of Jacobian matrices at each point of the track (for ordinary surfaces
the average is the trivial one in which the normal has weight one and all
others weight zero) (?).

In this paper, we first introduce abstract notions of boundary and track,
defined for all non-negative linear functionals L on a certain linear space.
Since, in particular, every generalized parametric surface is such a linear
functional, these definitions apply to all generalized parametric surfaces. We
next specialize to admit only boundaries which correspond in a certain way to
boundary curves in the sense of classical analysis, and characterize the set of
all L with boundary in this class. Finally, we specialize further by imposing
a condition of indecomposibility with respect to the boundary.

As an application, some conditions are established for equivalence of in-
definite variation problems which have fixed boundary conditions with posi-
tive definite problems.

1. Introduction. The main definitions and results of the paper areout-
lined in this section. Details and auxiliary results are left to later sections.

Let E™ (m=3) denote the space of all continuous functions f(x, J) of
an m-dimensional vector x=[x!, - - -, x™] and an mXm skew-symmetric
matrix J=[j] of rank 2 which satisfy the homogeneity condition f(x, kJ)
=kf(x, J) for k=0. A mapping x(u, v) from the square U: [0Su=<1;0<v=1]
to m-space R™ is termed a Dirichlet (parametric) representation if:

(1) x(u, v) is absolutely continuous in Tonelli’s sense; and

2) [fv[2+x2]dudv< .
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() A number of the results presented here also appear in the first author’s Ph.D. Thesis
at the University of Wisconsin, August 1951.

() The notion of generalized parametric surface is in many respects analogous to that of
generalized curve and generalized nonparametric surface introduced a few years ago by Young
[14; 15; 16] (cf. also McShane [10]).
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Let J(u, v) denote the matrix of Jacobians x}x] —x}x, of the partial trans-
formations x"=x"(u, v), x*=x°(u, v) of x(u, v). For convenience we refer to
J(u, v) simply as the Jacobian of x(u, v).

Since it is variational problems involving surface integrals which motivate
our theory, we begin, as in [18], with a notion of surface expressed directly
in terms of these integrals, rather than the more familiar notion of Fréchet
surface: A Dirichlet (parametric) surface with Dirichlet representation x(u, v)
is the non-negative linear functional L defined, for all f in E™, by the surface
integral

L f) = fj;f[x(u, v), J(u, v) |dudo.

In this paper the symbol L represents in general an arbitrary non-negative
linear functional on E™, of which every Dirichlet surface and, more generally,
every classical parametric surface is a particular case. As notion of con-
vergence of linear functionals L we use as in [18] w* convergence, i.e., con-
vergence of the numbers (L, f) for all f. As used in [18], the notion of general-
ized parametric surface is equivalent to that of non-negative linear L.

We call exact integrands those ¢ in E™ for which the surface integral (L, ¢)
vanishes whenever L is a closed polyhedron. We define the generalized bound-
ary (abbreviated g-boundary) for an arbitrary non-negative linear L to be
the linear functional N(L) obtained by restricting the domain of L to exact
integrands(®). The g-boundary is a generalization of line integration around
a boundary curve, paths traversed in opposite senses being allowed to cancel.
Similarly, we define the generalized track of L to be the restriction of L to
integrands f which are linear in the variable J.

A g-boundary A is called admsissible if A =X\(L) for some Dirichlet surface L.

(1.1) THEOREM. Let Ao be admissible. Then a necessary and sufficieni condi-
tion that Lo have g-boundary N(Lo) =\o s that L, be the w* limit of a sequence of
linear combinations Y_k;L; with positive coefficients k; of Dirichlet surfaces L;
with N(L;) =v;\o, where each v; is a positive integer and Y _kw;=1. In the par-
ticular case when the dimension m of x-space R™ is 3, one can suppose further
that all v;=1.

We term L closed if N(L) =0. L0 is basic closed if L=L,+ L, with L;, L,
closed implies Ly =FkL for some k, 0<k=<1. If N(L) =N0, L is termed basic
(\) if L is an extreme point of the set of all functionals with g-boundary A.

(1.2) THEOREM. Suppose m=3. Then if A\~0 is admissible and L, is basic
), Lo is the w* limit of a sequence of Dirichlet surfaces with g-boundary \.

In stating the analogue of (1.2) for A=0, one must take account of the

(®) In other words, A(L) is defined by the equation (A\(L), ¢) =(L, ¢) for all exact ¢,



1954] A GENERALIZED NOTION OF BOUNDARY 459

fact that kL is basic closed whenever L is basic closed and 2>0:

(1.3) THEOREM. Suppose m=3. Then if Lq is basic closed, kL, is the w*
limit of a sequence of closed Dirichlet surfaces for some k> 0.

A non-negative linear L is said to be situated in a subset of 4 of R™ if a
closed (nonempty) subset 4; of A exists such that (L, f)=0 whenever
flx, J)=0for all x in 4; and all J. L is termed concentrated if L is situated in a
point x,.

The methods used to prove (1.1) also yield:

(1.4) THEOREM. Le! f be in E™ and A a compact, convex subset of R™. Then
a necessary and sufficient condition that an exact integrand ¢ and an €>0 exist
such that fo(x, J) Z¢(x, J) +eI JI for all x in A and all J is that either of the
following hold:

(a) (L, fo) >0 for every basic closed L situated in A;

(b) There exists an open set Q containing A and an >0 such that (L, fo)
=¢(area of L) for every closed polyhedron L situated in Q.

From (1.4) follow conditions for a variational problem with fixed bound-
ary conditions to be equivalent to a positive definite problem. In particular,
(1.4) allows the hypothesis of positive definiteness to be weakened in the
statement of known theorems [3; 6; 13] insuring the existence of Dirichlet
surface solutions for certain semi-regular problems with fixed boundary
conditions (cf. §13).

2. Notation; the norm and modulus. In applying the ideas of topology and
linear space theory in the calculus of variations, some unfortunate conflicts
arise between the prevailing terminology in the respective fields. Let us
state the position taken here with regard to two such conflicts. First, we
apply the word closed both to surfaces (as well as to more general non-negative
linear functionals L) and to subsets of topological spaces. Second, we use the
term extreme point in the linear space sense and avoid use of extremum and
its variants as they appear in the calculus of variations.

In addition to that introduced in §1, the following notation will be used
throughout: S™ denotes the set of skew symmetric m Xm matrices of rank 0
or 2. Integrands f(x, J) are assumed to be defined for (x, J) in R™XS™. For
set sum and intersection, \J and M are used. | X |+ denotes the k-dimensional
Lebesgue measure of a subset X of R™. The adjoint of a matrix T is denoted
by T”. All sums are finite; the range of summation is omitted when the mean-
ing is clear. .

For an mXm matrix J=[j7], let |J| =| 2_,..(j*)2]V/% Define f, in Em
by the identity f,(x, J) = | J | For each non-negative linear functional L on
Em, define the norm a(L)=(L, f.). If L is a Dirichlet surface with Dirichlet
representation x(%, v) on the unit square U, and J(#, v) is the Jacobian of
x(u, v), then
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a(l) = ffv I J(u, v) I dudv

coincides with the Lebesgue area of the Fréchet surface with representation
x(u, v). If x(u, v) satisfies a Lipschitz condition, the value for the area accord-
ing to all reasonable definitions of area agrees with a(L).

The modulus (or essential bound) b(L) of L is defined to be the smallest b
such that L is situated in the sphere |x| <b.

POLYHEDRA; EXACT INTEGRANDS

3. Polyhedra; elementary boundary. Having introduced notions of sur-
face and boundary in terms of linear functionals in §1, we next define in
these same terms an “orientation reversing” operation (*). For each f, define
f* by the identity f*(x, J) =f(x,—J). For each L, define L* by:

L* N = (L, .
If L is a Dirichlet surface with Dirichlet representation x(#%, v), then L* has
Dirichlet representation x(1 —u, v); i.e., L* is “oriented in the sense opposite
to that of L.”
L,is termed a triangle if an oriented triangle ¢ in R™ exists such that, for all

fy (L, f) is the value of the surface integral of f over ¢. Let ¢t* denote ¢ with
opposite orientation. Then:

Lg* = Lg‘.

L is a polyhedron if L is a sum of triangles. More generally, a linear combina-
tion with positive real coefficients of triangles L, is termed a polyhedron over
the group R of real numbers.

A mapping x(%, v) from U to R™ is quasi-linear if x(u, v) is linear in each
triangle of a suitable finite subdivision of U. A quasi-linear mapping evi-
dently defines a polyhedron L. It is easy to verify that, conversely, every
polyhedron L has a quasi-linear representation. Each polyhedron L over R
may be written:

(3.1) L= [aL+ a*L}],

where the a;, a¥ are non-negative real numbers and the triangles ¢; meet at
most along common edges and at common vertices. Such a decomposition is
called a triangulation of L, and those ¢; (¢*) for which a;>0 (a#>0) are called
faces of L. If L is a polyhedron, the a;, af are integers, and conversely. If all
a;=1 and ¢*=0, then L is said to be realized geometrically by the geometric
polyhedron P=U,.

We next define an elementary notion of boundary as a weighted com-
bination of bounding line segments, segments weighted equally but with
opposite directions being allowed to cancel. This notion is made precise as
follows:
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For each triangle ¢, let 8; denote the linear functional on the space of
forms g= Y ¢’(x)dx" with continuously differentiable coefficients g" whose
value (B:, q) is, for each ¢, the value of the line integral of ¢ around the
perimeter of £. Given a triangulation (3.1) of a polyhedron L over R, define
the elementary boundary (e-boundary) (L) of L to be:

BL) = X [aB,, + aXBE].

By replacing any pair of triangulations by one finer than both, one finds that
B(L) is independent of the triangulation of L. Furthermore:

(3.2) The mapping L—B(L) preserves sums and positive scalar multiples.
B(L*)=—B(L).

In other words, B(L) behaves like the notion of boundary used in com-
binatorial topology. If 8=8(L) for some polyhedron L, then @ is called a
closed polygonal path.

A polyhedron L over R is termed closed if (L) =0 (this definition will be
shown to agree with the definition N(L) =0 of closed given in §1). A poly-
hedron of the form L,+L¥ is called a double triangle, since it corresponds
geometrically to a pair of triangles back to back. A double triangle is evi-
dently closed.

(3.3) LEMMA. If a polyhedron L over R has e-boundary a closed polygonal
path Bo, then L is a linear combination with positive coefficients of polyhedra
each of which has e-boundary a positive integral muliiple of B,.

Proof. Given a triangulation (3.1) of L, let K denote the finite euclidean
2-complex (in the terminology of Lefschetz [9]) generated by the triangles
t;, i.e., which has as simplexes the ¢; plus their edges and vertices and orienta-
tion induced by that of the ¢;. For s=1,2 and G=R or I, the additive group of
integers, let C*(K, G), Z*(K, G) denote, respectively, the groups of s-chains
and s-cycles over K with coefficients in G. Let y(L) in C*(K, R) be defined
by:

(3.4) v(L) = 2 [ats + a¥t¥] = 3 [ai — ak |t

where a;, af are as in (3.1).

Under the correspondence induced by identifying B8; with the chain
boundary 9¢ of a 2-simplex ¢ of K, 8o=8(L) corresponds to the chain bound-
ary dy(L) of 4(L). Since B, is a closed polygonal path, dy(L) is in ZY(X, I).
Then since dy(L) bounds in C?*(K, R), a positive integral multiple »dy(L)
bounds some v, in C*(K, I) (cf. Lefschetz [9, p. 106, (16.6) ]). Since »y(L) —v1
is in Z2(K, R), real coefficients p; and z; in Z*(K, I) exist [9, p. 105, (16.4)]
such that:

3.5) (L) — v1= 2 pizj

We may suppose all p; positive by changing signs of the z; as required. For
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each y= D a; 1y, let:

L, = > [max (a;, 0)L;; + max (—a;, O)L’:,.].
Then from (3.4):
(3.6) L=1L,u+ 2, .[min (@i, a®)|[Ls; + Lt,.].

In other words, L,z is obtained by eliminating the double triangles from L.
Since by (3.5)

v(L) = vy + 20 vipizs,
non-negative k; exist such that:
(3.7) Lywy + 2 kL, + L) = v'Ly, + 2 vl

The double triangle terms on the left side of (3.7) appear because triangles
with opposite orientation cancel when added in the combinatorial sense but
add to form a double triangle when regarded as non-negative linear func-
tionals.

We next obtain:

(3.8 Lywy = 2 hilj,

where the %; are positive and the L; are polyhedra bounded by non-negative
integral multiples of 8y. To get (3.8), we eliminate the linear combination of
double triangles on the left side of (3.7) by means of a suitable finite sequence
of operations of the following type: Suppose that L’ and L’ are polyhedra
with B(L") =v'B8o, B(L"") =v""B¢, where v’, '’ are non-negative integers, and
that ¢;, t¥ are faces, respectively, of L’, L'’. Then if 0k Zh",

WL + 'L — W(Le, + L)
= (W — W)L + KL + L" — (L, + L.

The two polyhedra appearing on the right side of (3.9) are bounded by non-
negative integral multiples of By, and the coefficients &’ —h’, B’ are non-
negative.

Having obtained (3.8) in this fashion, note next that, by (3.6), L is like-
wise a positive linear combination of polyhedra bounded by non-negative
multiples of 8o. By easy manipulations this sum may be rewritten so that
no closed polyhedra appear, since closed polyhedra can be added to arbitrary
polyhedra without changing the e-boundaries of the latter. This establishes
(3.3).

4. Exact integrands. We use the term plane to denote an oriented, 2-di-
mensional, linear subset of R™. Each plane = has various linear representa-
tions x(u#, v) =x1u+x0+x;. The Jacobian of x(u, v) is the m Xm matrix

(3.9)

Jz= [xIx; - xix;] '
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J= IJ ,I —1J, is independent of the linear representation x(#, v) of w; we term
J the Jacobian of the plane .
Forr,s=1,2,:-.,m, let

Jre = [akrsls - Bksalr]

denote the Jacobian of the x"x* plane =,, (6;; is Kronecker’s delta). Under an
affine transformation xy=7Tx-x, the Jacobian J changes according to
Jr=TJT’. Furthermore, it is well known that a necessary and sufficient con-
dition that J be skew-symmetric of rank 2 is that T exist such that J=TJ,T",
i.e., such that |J I“J is the Jacobian of the plane T'm;. We have then:

(4.1) A necessary and sufficient condition that an m Xm matrix J be Jacobian
of some plane w is that J be skew-symmetric of rank 2 and |J | =1. Two planes
have the same Jacobian if and only if they differ by a translation in R™.

REMARK. For m=3, the vector N=[j%, j3!, j12] is the positive unit
normal to 7, and J may be identified with N.

Given a Dirichlet representation x(u, v) = [x'(%, v), + - -, x™(u, v) | with
Jacobian J(u, v), let (#o, v9) be a point at which J(«, v) exists and is not zero.
Then the plane 7 with linear representation x, (%o, vo)%-+2x,(#%0, v0)v+x(2%0, Vo)
has Jacobian |J(uo, ;) | —1J (o, o). By (4.1), J(uo, vo) is of rank 2. Thus:

(4.2) The range of the Jacobian J(u, v) of a Dirichlet representation x(u, v)
lies in the set S™ of skew-symmetric m Xm matrices of rank 0 or 2.

It also follows from (4.1) that every J in S™ is assumed by the Jacobian
of some x(u, v). This justifies our previous assumption that integrands f
are defined for (x, J) in R™X.S™,

It is convenient to relax the requirement of continuity in (x, J) originally
made in the definition of exact integrand to suppose merely continuity in x for
each J. Since each ¢ exact according to the new definition will now be proved
linear in J, the two definitions are equivalent.

(4.3) If ¢ is exact and J1, Ja, J1+Js are all in S™, then ¢(x, J1) +o(x, J2)
=¢(x, J1+J2) for all x.

Proof. One may clearly suppose Ji, Jo#0. Given x, let m, w2 be planes
through x with Jacobians ]Jll -7, Ijzl_ljz, respectively. Let x(u, v) =xu
+xw+x be a linear representation of m. For r=1, 2, - - - , m, the rth row
vector X, of J; is a multiple of xjx;—xjx;. Thus, the X, lie in the linear
2-space 1 —x spanned by x; and x, (disregarding the orientation of m; for the
present). Since J; is of rank 2, the X, themselves span 7, —x. Letting y;, ¥,
Y, be similarly defined for ., the Y, span my—x.

Now X,+ Y, is the rth row vector of J,+Js, for each r=1, 2, - - -, m.
Since Ji+J: is in S™, it is of rank at most 2; hence, there exist at least m —2
independent linear relations:

> ap(X, + V,) = 0.

r=1
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Suppose Y a;,X,= D a;Y,=0 for all j. Then the X,, ¥, lie in a common
2-space, which must by the remarks above coincide with both m —x, my—x.
Hence, 7 and m, coincide except for orientation in this case. If, on the other
hand, for some j

Zaerr = - Eajryr = x # 0,

then £+4x is in m/Mr, since the X, span m;—x and the Y, span m—x. In
either case, m; and m lie in at least one common 3-dimensional linear subset
H of R™,

We now define as follows a sequence (L,) of closed polyhedra with geo-
metric realizations in H and tending to x: L, is realized by a triangular prism
whose lateral faces, respectively, have Jacobians |J1| —1Jy, |J2| —1J,,
—| Ji+Te| “1(J1+Js), and are of length #~' and width »n=2|Jy|, #~2%| Js|,
n~=2| Ji+Jz|. This construction is evidently valid for m =3 and follows for
arbitrary dimension m upon mapping H onto x'x2x® space by a rigid motion,
which preserves both norms and sums of matrices J. The sum of the areas of
the bases of L, is then no more than #~|Jy||Jz|. If Jy=FJ,, then all L,
collapse into “double rectangles.”

Since ¢ is exact and all L, are closed, (L., ) =0 for all #. Since ¢ is con-
tinuous in x for each J, it follows that:

0 = lim n¥(L,, ¢) = ¢(x, J1) + &(, J2) + ¢[z, —(/1 + 9]

Applying this first to the case J,= —J;, we get that ¢(x, —J) = —¢(x, J) for
all J. Then in the general case:

0 = ¢(x, J1) + o(x, Jo) + ¢[x, —(J1 + J2)]
= ¢(x! Jl) + ¢(x, J2) - ¢(x’ Jl + J2)r

which proves (4.3).
From (4.3) follows the linearity of ¢ in the variable J:
(4.4) If ¢ is exact, then for all x and J = [j=*] in S™,

1 m
o(x, J) = Z (%, Jr)j™ = 7 Z (%, Jra)j™.

r<s r,8=1

(4.4) may be obtained easily by induction on m from (4.3) using decom-
positions of the form J= Z, Jrsj+J1, where J; has all zeros in the rth row
and column.

If suitable differentiability conditions are satisfied, then exact integrands
correspond to exterior derivatives of forms g= ) g(x)dx":

(4.5) If ¢ is exact and continuously differentiable, then a form q= > gr(x)dxr
with continuously differentiable coefficients q"(x) exists such that, for all x and

7=l |
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T, .re

(4.6) $(x J) = 2 (@ — a)i -
1<s
Conversely, for each q the corresponding ¢ defined by (4.6) is exact.

The first half of (4.5) follows from a theorem of De Rham, essentially to be
found in Hodge [7, Chap. II]. The second half is a corollary of Stokes’
theorem.

If one sets, in particular, ¢*(x) =x" for s=s; and ¢*(x) =0 for s>s,, then
(4.5) implies that ¢,(x, J)=j is exact for each r, s. It follows by linearity
that each linear combination

¢(J) = 2 anj™

with constant coefficients a,, is exact.

The following remark provides the basis for passing from the elementary
notion of boundary introduced in §3 for polyhedra to the notion of general-
ized boundary:

(4.7) Two polyhedra L, L, over R have the same e-boundary if and only if
(L1, @) = (L2, @) for all exact ¢.

Proof. In view of (3.2) and (4.4), it suffices to show that L;+L¥ is closed
if and only if (Li+LJ, ¢) =0 for all exact ¢. The necessity half of the latter
assertion follows at once from the definition of exact and (3.3), while the
sufficiency follows easily from Stokes’ theorem.

5. A fundamental lemma. Lemma (5.1) is of fundamental importance in
this paper; it is the key to the proofs given for the main theorems.

For each open subset 2 of R™, let Bq denote the linear space consisting
of all 8 which bound polyhedra over R situated in Q.

(5.1) LEMMA. Let QCR™ be bounded, open, and convex. Then given B, in
Bg and fo in E™ such that the surface integral (L, fo) is non-negative for every
closed polyhedron L situated in Q, there exists a measurable function ¢o(x, J)
and sequences (¢,) of exact integrands and (p,) tending to 0 such that:

(1) The inf of (L, fo) in the set of all polyhedra L over R situated in Q with
B(L) =PBo ts (L1, ¢0o), where L, denotes any member of this set;

(2) @o(x, J)=lim, ¢,(x, J) for almost all x;

(3) lim,(L, ¢,)=(L, ¢o) for every polyhedron L over R; and, for each
v=1,2, - -,

(4) u(x, J) Sfolx, J)+p,| I| for (x, T) in QX S™(%).

Proof. For 3 in By, let

w(8) = inf (L, fo),  ||Bl|e = inf a(L),

where the inf is in each case taken in the set of all polyhedra L over R situ-
ated in Q with B(L) =p4. Let ”B | denote the corresponding inf for @=Rm. It
is easy to verify that ||8]|o and ||8|| have the usual norm properties. Since the

(4) For a corresponding result for curves, see [5].
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set Q in (5.1) is convex, ||8]| =||8]|a for 8 in Ba.

By (3.3), every closed polyhedron L over R is a positive linear combina-
tion of closed polyhedra. It then follows from the hypotheses of (5.1) that
(L, fo) 20 for every closed polyhedron L over R situated in . Thus u(0) =0;
since there are closed polyhedra of arbitrarily small norm situated in £,
1(0)=0. For all B, 8’ in Bg:

p(B+B) = uB) + u(B) and u(kB) = ku(B) for £ = 0.

Since 0=pu(0) =u(B) +u(—pB), u(B) is finite for all B in Bg. Then by the well
known Hahn-Banach theorem [2, p. 29], a linear functional / on Bg exists
such that (I, B) =u(B) for all 8 in Bg and (I, Bo) =u(Bo). Let

M= sup Ifo(x, J)l.
zeQ, /]| =1

For each 8 in Bg and L situated in @ with 8(L) =8,
(, B) = u(B) = (L, fo) £ Ma(L),
and
=@ B) = (1, —B) = w(—B) = (L* fo) = Ma(L*) = Ma(L).
It follows that for 8 in B, | (1, B)| < M||B||a, or since ||| =]|8]|a,
(5.2) [ 8| = mligll.

By a corollary of the Hahn-Banach theorem [2, p. 55], I has an extension to
the space of all B such that (5.2) continues to hold.

Let Jo in S with | Jo| =1 be given; let 7o denote the plane through x=0
with Jacobian Jo, and T the matrix of an orthogonal transformation carry-
ing the xx? plane s into mo. Let V3, - - -, V., denote the column vectors of
T. For each p=[p3, - - -, p™], let

x,(u, 0) = Viu + Vav + X Vop*,
8=3

and 7, the plane which has linear representation x,(#, v). The planes ,
cover R™ and have Jacobian J, (cf. §4).

For each uv interval A and each p, let La,, denote the polyhedron realized
geometrically by the rectangle A, =x,(A), in 7,. Let 8,,, denote the e-boundary
of Ly, and

(5.3) Fy(8) = (I, Ba.p)-
By (5.2) and the orthogonality of T,
|Fo)| = M| 8,]s= M| Al

for all A, Moreover, F, is an additive function of intervals A, since / is an
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additive function of boundaries 8. Consequently, for each p the derivative
D,(u, v) of F, exists for almost all (%, v), and for all A (cf. Saks [12, Chap.
v)),

(5.4) Fo(8) = f f Dy, s)duds.

The choice of J, of norm 1 was arbitrary; hence, we write D,(u, v) as a
function D,[u, v; J] of J as well as (%, v). Define ¢o(x, J) for x=x,(x, v) in
mpand |J| =1 by:

D,[u, v; J], if D,[u, v; J] exists;
¢0[xp(uv v)v J] = { ! 3 .
folxo(n, v), J], otherwise.
The latter definition applies for each p only in a subset of 7, of measure 0;
hence, by Fubini’'s theorem, it applies only for a subset of R™ of m-dimen-

sional measure 0. The definition of ¢, is extended by homogeneity to J of
arbitrary norm.

We next observe that, for all polyhedra L over R,
(5.5) (L, ¢0) = (I, B(L)).

For, (5.5) follows for triangles easily from the definition of ¢y, (5.2), and (5.4).
It then follows by linearity for all polyhedra over R. Assertion (1) of (5.1)
is now an immediate consequence of (5.5) and the fact that (I, 8o) =u(Bo).
To show that ¢, is measurable, let (V,) denote a binary sequence [12,
p. 191] of nets N, of half-open uv intervals A, and J, a fixed element of S™
with | Jo| =1. For each »=1, 2, - - - and A in N,, let
(l’BA-P)
h(x) = ———
“ = Tal,

for x in A,=x,(A). Now h,(x) is continuous in the interior of the block
Dy=U,A,. To see this, consider xEA,, x’ A, in D,, and let L denote the
polyhedron realized by joining corresponding corners of the rectangles A,, Ap.
Since T is orthogonal,

sl)y=c|p—p'| S|z~ o|
where o denotes the length of the perimeter of A.

B(L) = £ (BA.p - ﬂA.p')-

Hence,
| Ala] Bu(x) = B(a') | =] (4 Bars) = (G Baw) | =| (b Baro — Baw)|
=0 8W)| = Ma(l) s Mo| = — #],

and &,(x) is Lipschitzian and therefore continuous in Da,.

(5.6)
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Since A,(x) is thus piecewise continuous for y=1, 2, - - - and
lim %,(x) = ¢o(, Jo)

for almost all x, ¢o(x, Jo) is measurable. Since J, is arbitrary and ¢, will
now be proved linear in J, ¢, is measurable in (x, J).
We may now define for v=1, 2, - - - and all J in S™ the mean value

¢l'(xr J) = ¢0(x + x’r J)dx,

l D, |m Dy
over a cube D, in R™ with center 0 and diameter »~1. By (5.2) and the defini-

tion of ¢y, |¢o(x, J)I §M|J| for all (x, J); hence, for all v=1, 2, - - - and all
(x, J):

(5.7) | ou(, )| = M| T].

Let L be a closed polyhedron with quasi-linear representation x(u, v).
Then for every x’, x(#, v) +x’ is a quasi-linear representation with the same
Jacobian as x(u, v) of a closed polyhedron L’ (the translate of L by x"). Using
this remark, Fubini’s theorem, and the fact that by (5.5) (L’, ¢0) =0 for all
such L’, one finds that (L, ¢,) =0 for all ». Since each ¢, is a continuous func-
tion of x and L is arbitrary, each ¢, is exact (cf. the definition of exact given
in §4). ¢,(x, J) converges to ¢o(x, J) for almost all x given J, and hence
simultaneously for J in a countable dense subset of S™ except for a fixed null
set NV of x. Then, by (5.2), ¢.(x, J) converges to ¢o(x, J) for all J and x not
in N. Thus, (2) of (5.1) holds.

For v=1, 2, - - -, define linear functionals /, by the equation

(ln B(L)) = (L, ¢V)
From (5.7) it follows that, for all 3,
(5.8) | @, 8| = M8ll.

Let Jo of norm 1 be given, and x,, m, as before. The sequence ¢,(x, Jo)
converges to ¢o(x, Jo) almost everywhere in R™ and hence, except for a set H
of p such that | H| m—2=0, almost everywhere in ,. It then follows from the
uniform boundedness (5.7) of the ¢, that for every triangle ¢ in 7, for p not
in H,

( 14] t) ff 14 P( ’ z)’ 0 uav
(S'S)

'_)ff ¢0[xﬁ(uv v)r JO]dud” = (lr ﬁl)
z51(t)
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as v— o, It follows from (5.8) that (5.9) holds for arbitrary p, since an
arbitrary ¢ with direction J, can be approximated in the || || sense by a se-
quence of triangles in planes 7, for  not in H. Since J, is arbitrary, assertion
(3) of (5.1) follows by linearity and (5.5).

By the definition of ¢, [, and u, one has for x =x,(%, v) in Q:

I, B, Lo |
& Ba.r) < lim La.p fo) = fol2p(u, v), Jo],
A—(u,0) I A I2

(5.10) ¢o[xp(%, v), Jo] = lim
A—(u, 0) | A I2
whenever the first limit appearing in (5.10) exists, and is equal to f, otherwise.
Thus, since J, is arbitrary, ¢o(x, J) =fo(x, J) for all (x, J) in @XS™ For
v=1,2,-.-,let
py = sup | fo(a', ) — fo(x, J)|.
2!~ 2E Dy, zEQ|J|=1
Since @ is bounded and f, is uniformly continuous on bounded sets, p,—0 as
v— oo, For all » and (x, J) in 2XS™,
¢.(x,J) = sup o2, J) = sup fo(a, J) = folx, T) + 0| T,
z'Ez+D, z'Ez+Dy
which proves (4) of (5.1).
REMARK. It probably is not true that in (5.1) ¢, may be supposed con-

tinuous. Damkahler [4] has given a counterexample in a corresponding prob-
lem for curves.

G-BOUNDARIES

6. G-boundaries and Dirichlet surfaces. We are now ready to consider
the general notions of boundary and track (especially boundary) introduced
in §1. From the definitions and the linearity in the variable J of exact inte-
grands, established in (4.4), it follows at once that:

(6.1) The generalized boundary and track are preserved under addition and
positive scalar multiplication, and change sign under the operation (*). If L, and
L have the same generalized track, they have the same generalized boundary. The
w* limit of a sequence with fixed generalized boundary or track has again that
generalized boundary or track.

In view of (4.7) the notion of generalized boundary (abbreviated, g-bound-
ary) is an extension of the notion of e-boundary defined in §3 for polyhedra;
i.e., the g-boundary is a generalization of line integration around a boundary
curve, paths traversed in opposite senses being allowed to cancel.

We are interested here primarily in admissible g-boundaries. An admissible
g-boundary \ is termed rectifiable, or a closed polygonal path, if it bounds some
Dirichlet surface with a Dirichlet representation x(#%, v) which reduces on the
perimeter of U to a representation of a Fréchet curve with the named prop-
erty.

If x(u, v) is a Dirichlet representation of a Dirichlet surface L, a new
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representation of L may be found which is constant on one side of U. One
gets such a representation, for instance, by choosing a Lipschitzian mapping
u=u(¢, n), v=v(, ) of U into itself which is constant on £=1 and biunique
otherwise, and setting x'(£, ) =x[u(£, 7), v(§, 1)]. According to [17, p. 325,
(11.2)], x’(£, 1) is a Dirichlet representation and the partial derivatives of x’
are given almost everywhere by the usual formula. It follows from a well
known change of variables theorem and the homogeneity in J of integrands
f that, for all f in E™,

wn-= [ fo[xw, o), 7, 9 Jaudo = [ fvf[x’(é, n), J'(&, n) ldgdn;

i.e., «’ is also a Dirichlet representation of L.

Using this remark, it is easy to “join two Dirichlet surfaces with a thread”
and get:

(6.2) If L, and L, are Dirichlet surfaces, so is L1+ L.

Dirichlet surfaces bounded in the sense of classical analysis by the same
rectifiable curve C have the same g-boundary:

(6.3) If L1, L, have, respectively, Dirichlet representations x1(u, v), x:(#, v)
which reduce on the perimeter of U to representations of the same rectifiable
closed Fréchet curve C, then N(Ly) =N(L2)(%).

(6.3) is a trivial consequence of (4.5), Stokes’ theorem, and the fact that
every exact integrand ¢ is the limit uniformly on bounded sets of (x, J) of a
sequence of continuously differentiable exact integrands (obtained, for in-
stance, by approximating ¢ by mean value integrals with respect to the
variable x).

If the condition of rectifiability is dropped, (6.3) does not always hold. For
instance, let C be a simple closed curve in the unit square in the x'x? plane of
R3 such that the set [C] occupied by C has positive 2-dimensional measure u.
Let L, denote the Dirichlet surface realized by the surface 2 of the unit cube
in R? (with orientation that of C); L;, the smaller component of £— [C]; and
L,, the larger component. L, and Ls* are Dirichlet surfaces with C as boundary
curve in the classical sense. Consider the exact integrand ¢(x, J) =72 Now

(Lo — (Li + Ly), 1) = + f dxtda?,
[cy

the sign being positive if the orientation of C is positive. Since L, is closed,
(Lo, ¢12) =0; hence,

(L1, ¢12) = (LS, ¢12) £ p.
Thus MLy) =N (L),

(%) (Added in proof.) Using recent results of Young, as yet unpublished, (6.3) can also be
proved for nonrectifiable curves C whose set of points is of 2-dimensional Hausdorff measure 0.
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(6.4) Given €>0 and a Dirichlet surface L situated in an open set Q, there
exist a closed polygonal path N and a Dirichlet surface L. situated in Q with
a(Le) <€ and N(Le) =A(L) — ..

The proof of (6.4) is elementary if N(L) is rectifiable. To establish the
general case, it then suffices to prove (6.4) with A, rectifiable. Let x(«, v) be a
Dirichlet representation of L. Since x(u, v) is absolutely continuous in
Tonelli’s sense, x(uy, v) and x(u, vy) define rectifiable curves for sets %, and
vy dense, respectively, in (0, 1). Choose a rectangle U’: [u;SuSup; 1 Sv=1v,],
where uy, u; and vy, v; lie, respectively, in these sets, such that [fv_u| J(x, )|
<e. Let L. be the Dirichlet surface defined by the representation x(%, v) on
U—U’; let A\e=\(L) —N(L.).

7. Non-negative linear L with admissible g-boundary. For each 4 CR™,
let E™4 denote the linear space of restrictions of integrands f(x, J) in E™ to
values (x, J) in 4 XS™ If 4 is bounded, E™4 is a Banach space under the
norm

Iflla =" suwp |f(&D)].
2EAI=1
The set of non-negative linear L situated in the closure of 4 may be identified
in the obvious fashion with the set of non-negative elements of the conjugate
of E™4 and a(L) coincides with the usual conjugate space norm. We further
define in this set the McShane distance [10, p. 534]:

Ly, Lofla = sup | (Lu, f) = L, D],
IEF,

where F, denotes the set of f in E™4 such that ||f]| 4 =1 and | f(x, J) —f(x’, J")|
g(lx—x’l 2+|(]—J’)| 2)U2, In the set of non-negative linear L situated in
A, the McShane distance defines a metric topology equivalent to the w* topol-
ogy. This follows from the known equivalence of convergence in the McShane
distance with w* convergence for sequences of elements of this set, and the
fact that from a w* convergent directed sequence (L,) of non-negative
linear functionals situated in a fixed bounded set one can extract a sequence
in the ordinary sense converging w* to the same limit. The latter assertion
follows from the separability of E™4, and the fact that a(L) =(L, f,) for L
non-negative which implies that a bounded directed subsequence of (L.)
can be found.

We are now prepared to apply the results of the preceding sections to
characterize the set of non-negative linear L which have an admissible
g-boundary.

(7.1) LEMMA. Let QCR™ be bounded, open, and convex. Let Ny bound some
polyhedron over R situated in Q. Then every non-negative linear L, situated in
Q with N(Lo) =\ ts the w* limit of a sequence (L,) of polyhedra over R situated
in Q such that N(L,) =N\o for n=1,2, - - - .
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Proof. By hypothesis, A\o=N(L) for some polyhedron L over R situated in
Q. Then Bo=B(L) is in the set Bq defined in §5. The set I of all polyhedra
over R situated in € and bounded by non-negative multiples of 3, is a convex
cone in the conjugate of the Banach space E™2. We show first that L, is in
the w*closure of T'.

Suppose this is not the case. Then by the well known separation theorem
for w* closed, convex subsets of the conjugate of a Banach space, L, can be
separated from I' by a hyperplane. This means that f, in E™2 and « exist
such that (L,, fo) <a and (L, fy) 2« for all L in T'. Since T" is a cone, a=0.
Since fy is the restriction of an integrand in E™, we regard f, itself as being
in E™,

Every closed polyhedron situated in @ is in I'; hence, the hypotheses of
Lemma (5.1) are satisfied. Let ¢y, (¢,), (0,), and L; be as in (5.1). By (1) of
(5.1) and hypothesis, (L1, ¢o) =0. Then using the fact that N(L;) =X(L,) and
(3) of (5.1):

lim (Lo, fo — ¢» + pofa) = (Lo, fo) — lim (Lo, ¢,)
= (Lo, fo) — lim (L1, ¢,) = (Lo, fo) — (L1, ¢0) < 0.

But fo—,+p.,fo =0 for all »; hence, (Lo, fo—@»+p.fa) 20 for all » since L, is
non-negative, a contradiction.

Therefore, Ly is a w* limit point of I'. Since  is bounded, the w* topology
is metrizable by the McShane distance in the set of non-negative linear L
situated in Q. Hence, a sequence (L,) in I' converges w* to L, For all n
=1, 2, - - -, NL,) =k, where k,=0. For all exact ¢,

()‘0) ¢) = ()‘(LO)) ¢) = lim ()‘(Ln)r ¢) = lim kn()‘Ov ¢)'

Then either \¢=0 or else k,—1, in which case %, 'L, converges w* to L, and
M(E7'L,) =X\ for all #. In either case, the proof of (7.1) is complete.

We now prove the first half of Theorem (1.1):

(7.2) Let N\ be admissible. Then a necessary and sufficient condition that Lo
have g-boundary N(Lo) =N\, is that Ly be the w* limit of a sequence of linear com-
binations »_k,L; with positive coefficients k; of Dirichlet surfaces L; with N(L;)
=w\o, where each v; is a positive integer and Y kw;=1.

Proof. The sufficiency is an immediate consequence of the definitions of
g-boundary and w* convergence. In proving the necessity, suppose first that
Ao is a closed polygonal path. By Lemma (7.1), Ly=w* lim, L,, where each
L, is a polyhedron over R with A(L,) =\,. Applying (3.3), each L, is of the
form D_k;L; where the k; are positive real coefficients and the L; are poly-
hedra with each N(L;) a positive integral multiple ;Ao of Ao. Thus, to prove
(7.2) for closed polygonal paths )\ it suffices to show that one may suppose

Zkﬂ’j =1.
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If Xo0, the argument used in the last paragraph of the proof of (7.1)
shows that n= D_kw;—1; replace each k; by n~'%;.

Suppose Ao=0. Then since the L; are closed polyhedra, so are NL; for
all positive integers N and all j. Choose all »;=1, and N>Y k;. Replacing
> k,L; by D> (N-;)(NL;)+[1— D (N-k;)]L’, where L’ is a closed poly-
hedi)n of small area, establishes that for Ao=0 one may suppose 2 k;
= kj = 1

Having proved (7.2) for closed polygonal paths, now let Ao be an arbitrary
admissible g-boundary. Let L be a Dirichlet surface with A\(L) =Xy, and Q a
bounded open convex set in which both L and L, are situated. Given ¢>0
let \c and L. be as in (6.4). Then

NLo + L¥) = \e.

By what has already been proved, Lo+ L} is the w* limit of sums _ijL,-,
where N(L;) =v;\. forall j and Y_kw;=1as above. The L; may be assumed to
be situated in Q. Then

Lo+ L¥4 L= w*lim > ki(L; + v,L.),
and each L;+v;L. is a Dirichlet surface with
X(L, + VjLe) = Vj)\o.

Hence (7.2) holds for Ly+LX*+L.. Since the set of non-negative linear L
situated in  is metrizable in a way equivalent to w* convergence and a(L.)
+a(L¥) <2 (7.2) follows for Ly upon letting e—0.

8. Completion of the proof of Theorem (1.1). The first half of Theorem
(1.1) was established in (7.2). It remains to show that for m =3, one can sup-
pose in (7.2) that all »;=1, i.e., that the set of non-negative linear L with
admissible g-boundary consists of all w* limits of convex combinations of
Dirichlet surfaces with that g-boundary. To do this, we prove first:

(8.1) Suppose m=3. Let Ly be a polyhedron with e-boundary B(Lo) =vBo,
where Bo#0 is a closed polygonal path and v is a positive integer. Then poly-
hedra L, - - -, L, exist with B(L)) = - - - =B(L,) =Po such that Ly= )_L;.

Proof. It suffices to suppose that Ly has no double triangles, i.e., that for
no triangle ¢ do both ¢ and ¢* appear as faces of L, since every polyhedron
reduces to such a polyhedron upon subtracting a sum of double triangles
(which is closed). Then L, has a triangulation

.Lo = Z n,'Lt‘-

with all #; positive integers. As in the proof of (3.3), let K denote the euclidean
2-complex in R? generated by the #;; let

¥(Lo) = Z niti.
The closed polygonal path 8y corresponds to { =p~19v(L,) in Z}(K, I). Since
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K is in R% ZY(K, I) contains no torsion cycles (cf. Alexandroff-Hopf [1,
p. 390]); hence, { =3y for some v in C%(K, I) since »{ bounds in C*(K, I).
Then vy(Lo) =vy—+3z, where z is in Z2(K, I). Since Ly has no double triangles,
we have as in (3.7),

(8.2) Lo+ > h(Ly,+ L) =vLy+L,= (v — 1)L, + (Ly + L),

for suitable non-negative integers k;. To complete the proof of (8.1), the
sum of double triangles in (8.2) will be eliminated in ) _k; successive steps.
The means for doing this will be the result that if ¢ is a face of L, t* a face of
L., and B(L,) =B(Ls) =8, then polyhedra L{, Lj exist with B(L{) =B(L3) =P
such that .

Li+ Ly~ (Li+ L¥) = Ly + L.

To establish this result, it clearly suffices to establish (8.1) directly for
v=2. We therefore suppose B(Lo) =280, and proceed by induction on N
= Y n:. The case N=1 is vacuous. Suppose true for N’ <N.

Case 1. Z*(K, I)=0. Then y(Lo) =27, since d[y(Lo) —2v]=0 (K, v(Lo),
and v being defined as above). It suffices for (8.1) to write Ly=2L,, where
L, is defined as in the proof of (3.3).

Case 2. Z*(K, I) 0. Then since K has no torsion, z,= Ze,-t,- in Z¥K, I)
exists such that all ;=0 or +1 and some ¢;= —1 [1, pp. 277-283]. Let

(8.3) vo= 2 ti; v =v(Le) — 20— 2v0 = 2 (mi — | & )i
€;=—1

Then

(8.4) 0y = dv(Lo) — 2070 = 2(¢ — 9v0).

Suppose first that {=0v,. Then for (8.1) it suffices to write
Ly = (Lo — Ly,) + Ly,
Note that Ly— L,, is non-negative and so is a polyhedron, since all ;=1 and
Ly,= > L.

€;=—1

Suppose then that {7#0dv,. Then {—dv, corresponds to a closed polygonal
path 80 and, by (8.4), 268: bounds L,.. Now

Ly =Y (mi—|e|)Le
Since Y (n;— l e.~| ) <N, the induction hypothesis yields
Ly=1L 41",
where B(L’) =B(L") =B:. Then for (8.1) it suffices to note that
(8.5) Lo = (L' + Laytyy) + (L + Lyy).
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(8.5) is an immediate consequence of (8.3) as soon as it is observed that no ¢
is a face of any polyhedron in (8.5) and hence that no double triangle terms
appear in that sum. This completes the proof of (8.1) for »=2, and so (as
noted above) for arbitrary v.

REMARK. (8.1) is not true for m>3. For instance, a Klein bottle has a
realization in R* which does not intersect itself. If we let L, denote a poly-
hedron realized in R* by such a bottle, then 3(Ly) =28 where 8 corresponds
to the rim of the bottle. L, is not the sum of two polyhedra with e-boundary 8.

Upon applying (8.1) at the appropriate point in the first paragraph of
the proof of (7.2), and noting that for the case N¢=0 it was shown in (7.2)
that one can suppose all ;=1 (m arbitrary), we get the desired extension:

(8.6) In case m=3, one can suppose in (7.2) that all v;j=1.

Basic (\); BASIC CLOSED

9. Irreducible closed polyhedra. A closed polyhedron L is termed irre-
ducible if it has no decomposition L=L;+ L. into closed polyhedra L;, L,.
Evidently:

(9.1) Every closed polyhedron is a sum of irreducible closed polyhedra and
double triangles.

In particular, if L is irreducible closed then L has no double triangles.
When the dimension m is 3, we have the following simple characterization of
irreducible closed polyhedra:

(9.2) Suppose m=3. A necessary and sufficient condition that L be irre-
ductble closed is that L have a realization in R® as a geomeiric polyhedron P(L)
separating R® into precisely two components of which it is the common boundary.

(9.2) follows from the fact that if K is a euclidean 2-complex in R? gen-
erated by triangles ¢, - - -, ¢, and P=4U - - - \Ut,, then the number of
bounded components of R®*—P is the number of independent elements of
Z¥K,I) [1, p. 380].

10. Theorems (1.2) and (1.3.). The notions of basic (A\) and basic closed
as defined in §1 are intimately connected with the notion of extreme point.
For A0, the L basic (A\) are, by definition, the extreme points of the set of
all non-negative linear L with g-boundary AN(L) =\, while for A=0 one has:

(10.1) Ly is basic closed if and only if [a(Lo)|='L¢ is an extreme point of the
set of all closed non-negative linear functionals L of norm 1.

The importance here of the notion of extreme point lies in the following
two principles, valid for sets of non-negative linear L situated in a fixed
compact subset of R™: First, every extreme point of the w* closed convex
span of a set I' is in the w* closure of I'; and second, the minimum of (L, fo)
over a w* closed, convex set I' is attained at an extreme point of I if it is at-
tained at all in I'. These principles are discussed further in the appendix.

Proof of Theorems (1.2) and (1.3). Let A#0 be admissible and L, basic
(\). By Theorem (1.1), L, is the w* limit of a sequence of convex combina-
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tions »_k;L; of Dirichlet surfaces L; bounded by \. Since the sequence con-
verges w*, its terms are situated in a fixed compact subset 4 of R™. By (A1)
(see Appendix), L, is the w* limit of a sequence (L,) of Dirichlet surfaces
situated in 4 such that N(L,) =X for all #, which proves Theorem (1.2).

The proof of Theorem (1.3) is a little more involved. Let L, be basic
closed; we may suppose a(Ly) =1. By Theorem (1.1), L, is the w* limit of a
sequence Y _k;L; of positive linear combinations of closed polyhedra L;. Using
(9.1) and approximating double triangles by flat tetrahedra, one may sup-
pose that all L; are irreducible. As before, all L; are situated in some fixed
compact set 4 since the sequence converges w*. Let I' denote the set of all L
of the form [a(L;) |-'L; where L; is an irreducible closed polyhedron situated
in 4. Now

n= Z k,‘d(L,‘) = Z ki(Li’ fa) - (L01 fa) = a(LO) =1;

hence, by replacing all k; by n~'k;, one can suppose all >_k;a(L;) =1. It fol-
lows that L, is the w* limit of the convex sums of I':

> { k@) } { [a@) L}

By (10.1) and (A1), L, is the w* limit of a sequence in I'; thus, a sequence
(Ln) of irreducible closed polyhedra situated in 4 exists such that

Ly = w* lim [a(L,) ] L.

There are three cases:

Case 1. For a subsequence of 7, a(L,)—a¢>0. Then aoLo=w* lim, L,.

Case 2: a(L,)—0. Choose a sequence (V,) of positive integers such that
N.a(L,)—1. For every n=1, 2, - - -, N,L, is a closed polyhedron, and L,
=lim, N,L,. Ly can, in fact, be shown to be concentrated in this case.

Case 3: a(L,)— . It is known that for m = 3, every concentrated closed L
is the w* limit of a sequence of closed polyhedra [18, (9.2)]. We suppose L,
not concentrated and derive a contradiction.

For arbitrary non-negative linear L, we denote by spt L the smallest set
in which L is situated. Since L, is not concentrated, spt Ly contains two dis-
tinct points x3, %;. Let 7 be a plane separating x; and x.. Let

L,=L,+ L.,

where L/ is situated on the side of 7 containing x;, and L’ on the side contain-
ing xz. Since [a(L.)]"'L;, [a(L,)]-'LY have bounded norms and are situated
in a fixed bounded set, a subsequence of # and L/, L" exist (by a well known
selection process) such that

r

(10.2) L' = w*lim [e(L)]'Ls; L' = w*lim [a(L.)]-'L.
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By (9.2), each L, has a geometric realization P(L,) separating R? into
exactly two components. L, and L}/ may be closed up, for eachn=1,2, - - -,
by adding polyhedra realized by the (suitably oriented) portion of 7 interior
to P(L,). Since these additions have area less than 7b2/4 where b is the
diameter of A4 and a(L,)— =, the additions contribute nothing to (10.2) in
the limit. Thus L’ and L, being the w* limits of closed functionals, are closed.
Spt L’ contains x; and lies on the side of w containing x:; spt L’ lies on the
opposite side of = and contains x;. Then Lo=L’+4L", and L’'=kL, for no &,
contradicting the assumption that L, is basic closed. This completes the proof
of Theorem (1.3).

REMARK. Theorem (1.2) is false for m > 3. For example, let L correspond
as in §8 to a Klein bottle in R* which does not intersect itself and A to the
rim of the bottle. Then L/2 is basic (\); yet L/2 can be shown not to be a w*
limit of a sequence of Dirichlet surfaces with g-boundary A. It is not known
whether Theorem (1.3) is true for m>3.

11. Proof of Theorem (1.4). The necessity of (a) in (1.4) is a trivial
consequence of the non-negativeness of the functionals L involved and the
definition of closed. We next establish that (a) implies (b). For, suppose (b)
does not hold. Then there exists a sequence (L,) of closed polyhedra such
that L, is situated in the »~! neighborhood of 4 and

lim sup [a(L,) ] 7L, fo) < O.

Since the functionals [a(L,)]~'L, have bounded norms and 4 is compact, a
subsequence converges w* to L, situated in A. L, is closed, a(L;) =1, and
(L1, fo) =0. Hence

u = inf (L, fo) =0,

where the inf is taken over the set I" of all closed L of norm 1 situated in 4.
By the Krein-Milman theorem, u is attained at an extreme point of I', which
by (10.1) implies that (a) does not hold. Thus (a) implies (b).

To complete the proof of Theorem (1.4), it suffices to show that (b) is
sufficient. To this end, choose an open, convex set €, such that ACQ,CQ
and apply Lemma (5.1) to f;=fo—éfe.

Theorem (1.4) has been stated in two equivalent forms. Condition (b)
has the advantage of being stated directly in terms of the elementary notion
of closed polyhedron. On the other hand, condition (a) is sometimes more
convenient to apply (cf. (13.2) below).

APPLICATIONS

12. Closed with 2-acyclic support. We again restrict attention to the
case m=3. One thinks intuitively of a closed surface in R? as being situated
in a number of 2-cycles. This is not necessarily the case for more general
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closed non-negative linear functionals L. In fact, a closed L may be situated
in a set X which is acyclic in dimension 2; however, we shall show that such
an L degenerates (under certain restrictions on X) into a limit of sums of
concentrated closed functionals.

For XCR? and €>0, let X, denote the e-neighborhood of X.

(12.1) Supposem=3. Let X be a compact set such that R¥*— X, is connected
for sufficiently small €, and such that given x,, x, in X there exists a plane w
separating x, and x; for which | XM |, =0. Then given a non-concentrated closed
L, sttuated in X, there exist a plane ™ and closed L, L, situated on opposite
sides of w (and not sttuated entirely in w) such that Lo=L,+L,.

REMARK. If, in particular, X is a piecewise smooth 2-dimensional subset
of R? and R®*—X is connected, then the hypotheses of (12.1) hold.

Proof of (12.1). Let ¢>0 be small enough that R3— X, is connected. Let
L, be closed, nonconcentrated, and situated in X. By (1.1), L, is the w* limit
of a sequence of convex combinations Y_k;L; of closed polyhedra L;.

We show first that all L; may be modified so as to be situated in X, in
such a way that the sums »_k,L; still converge w* to L. To this end, let
be open with piecewise linear boundary and such that XCQCX,; Using
(9.1) and approximating double triangles by flat tetrahedra, one may suppose
all L; irreducible closed, so that each L; has a geometric realization P(L;) as
in (9.2). By trivial modifications, one can suppose no face of any L; parallel to
a face of the boundary of Q. Let L] denote the portion of L; situated in R3— .
Let fi coincide with f, for x in R®*— Q and vanish for x in X. Then

2o kia(L) = 2 kL f1) S 00 k(L fu).

The right side, and hence also the left side, of this expression tends to 0
since ) k;L; tends w* to L, situated in X. Let a, denote the area of the
boundary P of Q. If a(L;) =€?/9, replace L) by the portion of P interior to
P(L;) with orientation chosen to agree with that of L;. This increases a(Lj)
by a factor of no more than 9a.€~2 Suppose a(L]) <e?/9. Given §>0, let 35
denote the closed polygonal path realized by the intersection of P(L}) with
the boundary of the d-neighborhood Q; of Q. Letting p(8;) denote the length
of B;, it is elementary to verify that

oL} = f " o(8e)do.

It follows, in particular, that
p(Bs) < 3a(L)e! < ¢/3

for at least one § in (0, ¢/3). For this §, 85 is situated in X,¢/3 and is of length at
most €/3. Its convex span is therefore contained in X.. Then §; bounds a
polyhedron situated in X, whose area approximates arbitrarily closely the
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inf for polyhedra bounded by 3;, and so by the isoperimetric inequality has
area arbitrarily little more than (1/4r) [p(8s)]2. But

a(li)
47

1 9 N es
P [o(85) ] = ™ [a@) P2 <

Replace the portion of L; exterior to Q; (if such exists) by this polyhedron.

These modifications increase the sums Y k;a(L}) by a factor of at most
the fixed constant max [1/4m, 9aee2], so that these sums still converge to 0.
It follows that Y _k;L; still tends w* to L.

By (9.1) one can again suppose the modified L; to be irreducible closed.
Since R*— X, is connected and each P(L;) is contained in X, the interior
component of R*—P(L;) is contained in X, for each L;.

Choose a sequence (e,) tending to 0. By the above remarks and the fact
that the w* topology is metrizable in the set of non-negative linear L situated
in X, (assume ¢ =¢, for all n), there exists a sequence of convex linear com-
binations »;k;.L;, tending w* to L, such that, for each j and #, Lj, is ir-
reducible closed and the interior component of P(L;,) is contained in X.,.
Let x, x; be distinct points of spt Lo, and m a plane separating x; and x,
such that | X ﬂrl 2=0. Each L;, may be split into closed polyhedra by adding
the (suitably oriented) portions of 7 interior to P(L;,), which have area at
most | X, M|, since the interior of P(L;,) is contained in X.,. Since

im [ X,Nwla=|XNx|s=0

and Y_; kj»=1 for all n, these added portions contribute nothing in the limit.
Thus, proceeding as in the proof of Theorem (1.3), Lo=L;+ L, where L, and
L, are closed and spt L; is on one side of 7 and contains x; and spt L is on
the other side and contains x,.

An immediate corollary of (12.1) is:

(12.2) If L 1s basic closed and situated in a set X satisfying the hypotheses
of (12.1), then L is concentrated.

Under slightly stronger restrictions on X, we prove:

(12.3) If X is a compact set such that R3— X is connected for sufficiently
small €, and if parallel to each coordinate plane a nondenumerable dense set of
planes m exists for which | XM |, =0, then every closed L situated in X is repre-
sentable as a Bochner integral (in the McShane distance):

(12.4) L =f L. dw(x),
X
where w is a Borel measure vanishing outside X and each L, is closed and con-

centrated at x.
Proof. From known theorems, it follows that every non-negative linear
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L situated in X has the form of a Bochner integral (12.4) (in the McShane
distance), where w is a Borel measure vanishing on R*— X and L, is concen-
trated at x. Except for a set of w measure 0, L, is the derivative of the integral
(12.4) with respect to a network of intervals D bounded by planes 7 for which
| XN7|s=w(XN1)=0. It follows from (12.1) that [pL.dw is closed for
each such D; thus, L,=limp., [w(D)]~'[pL.dw is closed except for a set of w
measure 0, on which L, may be defined arbitrarily. This proves (12.3).

We observe next that if L is a non-negative linear functional concentrated
at a point x,, L is closed if and only if L has generalized track 0. This follows
at once from the definitions, the linearity in J of exact integrands, and the
remark that if f(x, J) is an arbitrary integrand which is linear in J, then
&(J) =f(x0, J) is exact. From this it follows at once that each integral (12.4)
in which the L, are closed and concentrated has generalized track 0. The
converse is also true. To establish it write L with generalized track 0 in the
form (12.4), where each L, is concentrated at x and except for a set of w
measure 0 is the derivative of (12.4). Let 7 be a plane such that w(7) =0, and
let L;, L, denote the portions of L situated on opposite sides of . Let f(x, J)
in E™ be linear in J, and let (f,) be a sequence of integrands in E™ linear in J
such that f, coincides with f on the side of = in which L, is situated, vanishes
at all points in the other at distance more than #~! of 7, and has the same
bounds as f. Then

(Ll’ f) = lim (Lv fn) = O:

i.e., L; has generalized track 0. Similarly, L, has generalized track 0. Proceed-
ing as in the proof of (12.3), we find that, except for a set of w measure 0, L,
has generalized track 0, and so being concentrated is closed. We have:

(12.5) A necessary and sufficient condition that L have generalized track 0 is
that L be of the form (12.4), where w is a Borel measure on R™ vanishing outside
some compact set X and each L, is closed and concentrated at x.

13. An existence theorem for an ordinary minimum problem. Consider
the following:

(13.1) Minimum problem: Let A CR3 be compact and convex. Find the mini-
mum p=inf (L, fo) in the set T of all Dirichlet surfaces L situated in A which
have Dirichlet representations on the unit square U reducing on the perimeter of
U to representations of a given simple closed Fréchet curve C.

According to Cesari [3] (for similar results arrived at independently of
[3] and each other, see Danskin [6] and Sigalov [13]), the problem (13.1)
has a solution in T', provided T' is nonvoid and:

(1) fois in E?;

(2) fo is positive semi-regular, i.e., Y(J) =fo(xo, J) is convex for each xo in
A; and

(3) fo is positive definite, i.e., fo(x, J) >0 for x in A and J#0.
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The purpose of this section is to show that condition (3) may be weakened,
as follows:

(13.2) Ex1sTENCE THEOREM. The minimum problem (13.1) has a solution in
T if C is rectifiable and contained in A, and if (1), (2), and any one of the follow-
ing hold:

(3a) (L, fo)>0 for every basic closed L situated in A;

(3b) There exists an open set Q containing A and € >0 such that (L, fo)
=ea(L) for every closed polyhedron L situated in 2; or

3c) () fo(x, J) =0, whenever x is in A ;

(ii) fo(x, J)+fo(x, —J) >0, for x in A and J#0;

(iii) The zeros(®) of fo are contained in a closed subset X of A satisfying the
hypotheses of (12.1)(7).

Proof. Since C is rectifiable and contained in 4, I' is nonvoid. Suppose
(3a) or (3b) holds. By Theorem (1.4), an exact integrand ¢ and an €>0 exist
such that fo(x, J) —¢(x, J)=€|J| for all x in A and all J. The integrand
fo—¢ is thus positive definite. Since ¢ is linear in J by (4.4) and f, is semi-
regular, fo—¢ is semi-regular. By the existence theorem cited above for posi-
tive definite, semi-regular integrands, an L, in T exists such that (Lo, fo—¢)
< (L, fo—¢) for all L in T. By (6.3), N(Lo) =X(L) for all L in I". Then, for all
LinT,

(Lo, fo) = (Lo, fo — &) + (Lo, 8) = (Lo, fo — ¢) + (M(Lo), ¢)
S (L, fo— ¢) + NL), ¢) = (L, fo — ¢) + (L, ) = (L, fo)s

i.e., Ly is a solution for the minimum problem (13.1).

Suppose (3c) holds. Let L; be basic closed and situated in A. If L, is not
situated in X, then (L,, fo) >0 since f, is non-negative and strictly positive
for x in A —X and J>0. If, on the other hand, L, is situated in X then, by
(12.2), L, is concentrated at a point x, of X. Let ¥(J) =fo(xo, J). Then Y(kJ)
=ky(J) for k=0, and ¢ is convex since fo is semi-regular. Since the domain
S?% of Y is a linear space (every skew symmetric 3 X3 matrix J being of rank
0 or 2), it follows from these properties and (3c) (ii) that a linear function
¢(J) exists such that ¢(J) <¢/(J) for J5£0. As noted in the remarks following
(4.5), ¢ is an exact integrand. Then since L; is closed, non-negative, and not
0:

0= (L, ¢) < (Ly, ¥) = (L4, fo).
Thus (3c) implies (3a). This completes the proof of (13.2).

14. Generalized minimum problems. Minimum problems of the type of
(13.1) may cease to have solutions identifiable as surfaces in the ordinary

(®) A point x in R3 is called a zero of fo if fo(xe, J) =0 for at least one J0.
(") This theorem remains true if C merely occupies 2-dimensional Hausdorff measure 0 and
T is nonvoid (see footnote 5).
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sense if the condition of semi-regularity of the integrand f, is dropped. To
establish a general principle of minimum applicable to nonregular as well
as regular problems, we therefore define to be a generalized solution (or, gen-
eralized surface solution) the limit of a w* convergent minimizing sequence
of Dirichlet surfaces. The existence of a generalized solution is insured as
soon as a minimizing sequence with bounded norms (=Lebesgue areas) and
situated in a fixed bounded subset of R™ exists [18, p. 64, Principle of Mini-
mum ]. We note further that by (A1) and (A4) below, the existence of a gen-
eralized solution to the minimum problem p=inf (L, fo) over a set I' of
Dirichlet surfaces situated in a bounded subset of R™ is equivalent to the
existence of a solution in the w* closed convex span ¢(I') of I'. This is in turn
equivalent to the existence of a hyperplane of support to ¢(I') of the form
(Lr fO) =M.
APPENDIX

In this appendix we prove two results ((Al) and (A4)) on extreme points,
which we have referred to above. (A4) is a minor extension of the well known
Krein-Milman theorem [8]. For completeness we give a direct proof of (A1)
rather than attempt to deduce it from the bounded case, which is known
(cf. Milman [11]), but apparently much less well known than the Krein-
Milman theorem. The proof of (A1) given applies with only trivial modifica-
tions in establishing Milman’s result, namely, that the extreme points of the
w* closed convex span of an arbitrary bounded subset I' of the conjugate of
a Banach space lie in the w* closure of I'.

(A1) Let ACR™ be compact. Then every extreme point of the w* closed
convex span c(T') of a set T of non-negative linear functionals L situated in A is
the w* limit of a sequence in T'.

Proof. Suppose (A1) false. Then an extreme point Ly of ¢(I'), and a w*
neighborhood

N = NLo; & fr, -, f) = [LI| (L, f) — Lo, f)| <65 =1,---,v]
exist such that NI is void. By adjoining f, to the set fi, - - -, f, if neces-
sary, one can suppose that fi=f,. Let Ny=N(Lo; €¢/2;f1, - - -, f»). Since Ly is

in ¢(I"), Lo is the w* limit of a directed sequence of convex combinations
ia
La = Z kc’aLia
=1

of elements L;, of T'. Since Ly=w* lim, L,, all L, are in N; for a>as. Sup-
pose that

| Lias i) — Ly £) | < €/2

for all j=1, . -,». Then a straightforward verification shows that L;.
would be in N for o>, which is not possible since all L;, are in I' and TN
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is void. Hence each 1=1, 2, - - -, 7, for a>ay is in at least one of the sets

Q+(jv a) = l Lias [i) — Lay f5) 2 5/2]'
Q_(Jv a) = ' (Lia f3) — (Lew f5) S — 5/2]

Let
G a) = Y ke
ieQi (j,a)

Then for a>ay,

S [#G,) + F G )] 2 2 ke = 1.

=1

Hence at least one k*(j, @) =k,=1/2v. Let Q, denote the corresponding
Q*(j, @), and
Li=F Y kiaLia
i€Q,
Since fi=f, and all L in question are non-negative,
(A2) a(La) = (Lay f1) < (Lo, f1) + €/2 = a(Lo) + ¢/2

for a>ao. It follows that a(L.) <k;'a(L.) <2va(L,) <2va(L,)+ve. Since the
set of all L situated in 4 with norms bounded by 2va(L,)+ve is w* compact
and 1/2v <k, =1 for a>ao, subdirected sequences (kg), (Lg) of (ka), (L;) and
k, L’ exist such that k=limg ks and L' =w* limg Lj.

Now for each a>ay,

bl Lar 1) = (L [ | = | 2o BsalLia ) = L ]| 2 R 2

for at least one j by the choice of Q.. Since there are only a finite number of
fi, passage to the limit gives

(A3) E| (L', f) — (Lo, fi) | Z /4

for at least one j.
If k=1, then L'=L,, contrary to (A3). Hence k<1. Now all L are in
¢(T') by their definition; hence L' is in ¢(I") since ¢(T') is w* closed Since kg—k
" <1,
= (1 — kp)""(Ls — kslp)
converges w* to L =(1—k)~'(Lo—kL’) and Loy=kL'+(1—k)L”. All Lg are
in ¢(T"); hence, L” is in ¢(T"). Since L, is an extreme point of ¢(T"), Lo=L'=L",

contradicting (A3). Thus every extreme point Ly of ¢(I') is a w* limit point
of T'. Since the w* topology is metrizable by the McShane distance in the set
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of non-negative linear functionals situated in 4, each such extreme point is
the limit of a sequence in T'.

(A4) Let ACR™ be compact and fo in E™A. Then the minimum pu
=inf (L, fo) over a w* closed convex set I of non-negative linear functionals L
situated in A is attained at an extreme point of T if it is attained at all in T.

Proof. The set I'; of L in I' for which (L, fo) =u is w* closed, convex, and
by hypothesis nonempty. Since a(L)=(L, f,) for L non-negative, an L, in
T’y of smallest norm exists. The set I'; of L in T such that ¢(L) =a(L;) and
(L, fo) = is w* compact and convex. By the Krein-Milman theorem [8], an
extreme point L, of I'; exists. It follows easily from the linearity of a(L) and
(L, fo) that L, is also an extreme point of I', which proves (A4).

REFERENCES

Alexandroff and H. Hopf, Topologie, Berlin, 1935.

Banach, Théorie des opérations linéaires, Warsaw, 1932,

Cesari, An existence theorem in the calculus of variations for integrals on parametric
surfaces, Amer, J. Math. vol. 74 (1952) pp. 265-295.

4. W. Damkdhler, Uber indefinite Variationsprobleme, Math, Ann. vol. 110 (1935) pp. 230~
283.

5. W. Damkaéhler and E. Hopf, Uber einige Eigenschaften von Kurvenintegralen und diber
die Aequivalenz von indefiniten mit definiten Variationsproblemen, Math. Ann. vol. 120 (1947-49)
pp. 12-20. '

6. J. M. Danskin, On the existence of minimizing surfaces in parametric double integral prob-
lems in the calculus of variations, Rivista Mat. Parma vol. 3 (1952) pp. 43-63.

7. W. V. D. Hodge, The theory and applications of harmonic integrals, Cambridge, 1941.

8. M. Krein and D. Milman, On extreme points of regularly convex sets, Studia Math. vol. 9
(1940) pp. 133-138.

9. S. Lefschetz, Algebraic topology, Amer. Math. Soc. Colloquium Publications, vol. 27,
1942, .
10. E. J. McShane, Generalized curves, Duke Math. J. vol. 6 (1940) pp. 513-536.

11. D. Milman, Characteristics of extremal points of regularly convex sets, Doklady Akad.
Nauk SSSR. N.S. vol. 57 (1947) pp. 119-122.

12. S. Saks, Theory of the integral, Warsaw, 1937.

13. A. G. Sigalov, Two dimensional problems in the calculus of variations, Uspehi Mat.
Nauk N.S. vol. 6 (1951) pp. 16-101.

14. L. C. Young, Generalized curves and the existence of an attained absolute minimum in the
calculus of variations, Comptes Rendus de la Société des Sciences et des Lettres de Varsovie,
Classe III, vol. 30 (1937) pp. 212-234.

1. P.
2. S.
3. L.

15. , Generalized surfaces in the calculus of variations, Ann. of Math. vol. 43 (1942)
pp. 84-103.

16. , Generalized surfaces in the calculus of variations. 11, Ann. of Math. vol. 43 (1942)
pp. 530-544.

17. , Some applications of the Dirichlet integral to the theory of surfaces, Trans. Amer.

Math. Soc. vol. 64 (1948) pp. 317-335.
18. , Surfaces paraméiriques généralisées, Bull. Soc. Math. France vol. 79 (1951)
pp. 59-85.

UNIVERSITY OF WISCONSIN,
Mabison, Wis.



